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C/^ . Abstract 

Every nonconstant meromorphic function in the plane univalently covers 

^- ' spherical discs of radii arbitrarily close to arctan v8 ~ 70° 32' . If in addition all 

^^ ■ critical points of the function are multiple, then a similar statement holds with 

(-H ! 7r/2. These constants are the best possible. The proof is based on the con- 

"^ I sideration of negatively curved singular surfaces associated with meromorphic 

functions. 



1. Introduction 

CS| ' Let Ai be the class of all nonconstant meromorphic functions / in the 

^Q . complex plane C . In this paper we exhibit a universal property of functions / 

(^ [ in 7W by producing sharp lower bounds for the radii of discs in which branches 

^D ' of the inverse f~^ exist. Since a meromorphic function is a mapping into 

the Riemann sphere C, it is appropriate to measure the radii of discs in the 
"c^ . spherical metric on C. This metric has length element 2\dw\/{l + \w\'^) and 

is induced by the standard embedding of C as the unit sphere S in M^ . The 
spherical distance between two points in S is equal to the angle between the 
directions to these points from the origin. 

Let -D be a region in C, and /: Z) — > C a nonconstant meromorphic func- 

Cd I tion. For every zq in D we define bf{zQ) to be the spherical radius of the 

largest open spherical disc centered at /(zq) for which there exists a holomor- 

phic branch (p^o of the inverse f~^ with (pzoifizo)) = zq. If zq is a critical 

point, then bf{zQ) := 0. We define the spherical Block radius of / by 



X 



*B(/) := sup{6/(zo) : zo G D}, 
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and the spherical Bloch radius for the class Ai by 

«B := inf{»(/) : / G A^}. 

An upper bound for *B can be obtained from the following example 
(cf. [23], [20]). We consider a conformal map /o of an equilateral Euclidean 
triangle onto an equilateral spherical triangle with angles 2it/3. We always 
assume that maps between triangles send vertices to vertices. By symmetry 
/o has an analytic continuation to a meromorphic function in C. The critical 
points of /o form a regular hexagonal lattice and its critical values correspond 
to the four vertices of a regular tetrahedron inscribed in the sphere S . 

If we place one of the vertices of the tetrahedron at the point corresponding 
to oo G C and normalize the map by z'^fo{z) ^ 1 as z ^ 0, then /q becomes 
a Weierstrass p-function with a hexagonal lattice of periods. It satisfies the 
differential equation 

(p'f = 4(p - ei)(p - e2)(p - es), 

where the numbers Cj correspond to the three remaining vertices of the tetra- 
hedron. 

It is easy to see that 5B(/o) = b^, where 

6o := arctan Vs = arccos(l/3) « 1.231 « 70° 32' 

is the spherical circumscribed radius of a spherical equilateral triangle with all 
angles equal to 27r/3 . Hence 03 < 6o • 
Our main result is 

Theorem 1.1. 03 = 6o- 

The lower estimate ^ >bQ in Theorem 1.1 is obtained by letting R tend 
to infinity in the next theorem. We use the notation D{R) = {z G C : |z| < R} 

and ]D) = Z)(1). 

Theorem 1.2. There exists a function Co : (0,6o) ~^ (0,oo) with the 
following property. If f is a meromorphic function in D{R) with ®(/) < 
bo — e, then 

(1) rm^<o.i.y " 



l + |/(z)|2 -^^^i?2_|^|2- 

In other words, for every e £ (0,6o) the family of all meromorphic func- 
tions on D{R) with the property S(/) < bo — e is a normal invariant family 
[18, 6.4], and each function of this family is a normal function. 

The history of this problem begins in 1926 when Bloch [9] extracted the 
following result from the work of Valiron [26] : Every nonconstant entire func- 
tion has holomorphic branches of the inverse in arbitrarily large Euclidean 
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discs. Improving Valiron's arguments he arrived at a stronger statement: Ev- 
ery holomorphic function f in the unit disc has an inverse branch in some 
Euclidean disc of radius 6\f'{0)\, where 6 > is an absolute constant. 
Landau defined Bloch's constant Bq as the least upper bound of all numbers 
6 for which this statement is true. Finding the exact values of Bq and related 
constants leads to notoriously hard problems that are mostly unsolved. The 
latest results for Bq can be found in [13] and [7]. The conjectured extremal 
functions for these constants derive from an example given by Ahlfors and 
Grunsky [6]. As the elliptic function /o above, the Ahlfors- Grunsky function 
shows a hexagonal symmetry in its branch point distribution. It seems that 
our Theorem 1.1 is the first result where a function with hexagonal symmetry 
is shown to be extremal for a Bloch-type problem. 

The earliest estimate for !B is due to Ahlfors [1], who used what became 
later known as his Five Islands Theorem (Theorem A below) to prove the lower 
bound 5S > 7r/4. We will see that our Theorem 1.1 in turn implies the Five 
Islands Theorem. 

Later Ahlfors [2] introduced another method for treating this type of prob- 
lems, and obtained a lower bound for Bloch's constant Bq. Applying this 
method to meromorphic functions, Pommerenke [23] proved an estimate of the 
form (1) for functions / in D{R) satisfying 5S(/) < tt/3 — e. From this, one 
can derive *B > tt/3 thus improving Ahlfors's lower bound. Related is a result 
by Greene and Wu [16] who showed that for a meromorphic function / in the 
unit disc the estimate Q5(/) < 18° 45' implies |/'(0)|/(1 + |/(0)|2) < 1. An 
earlier result of this type without numerical estimates is due to Tsuji [25]. 

Similar problems have been considered for various subclasses of A^ . In 
[23] Pommerenke proved that for locally univalent meromorphic functions / in 
D{R) the condition 5S(/) < tt/2 — e implies an estimate of the form (1). A 
different proof was given by Peschl [22]. Minda [19], [20] introduced the classes 
Mm of all nonconstant meromorphic functions in C with the property that 
all critical points have multiplicity at least m. Thus Mi = M, Mi D M2 3 
... D A^oo; and A^oo is the class of locally univalent meromorphic functions. 
Using the notation 53^ = inf{QS(/) : / G Mm}, Minda's result can be stated 
as 



/ m 

(2) Q3„>2arctanJ , mGNUJoo}. 

\j m + 2 

In [10] the authors considered some other subclasses. In particular the best 
possible estimate 5B(/) > 7r/2 was proved for meromorphic functions omitting 
at least one value, and 55(/) > 60 was shown for a class of meromorphic 
functions which includes all elliptic and rational functions. 

Since *8i = 53 our Theorem 1.1 improves (2) for m = 1. Our method 
also gives the precise value for all constants *Bm , m >2. 
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Theorem 1.3. There exists a function Ci:(0, 7r/2) -^ (0, oo) with the 
following property. If f is a meromorphic function in D{R) with only multiple 
critical points and 53(/) < it/2 — e, then 

(3) .m^<C.(e) " 



l + l/(-2)P - ' 'i?2_|^|2- 

Thus «B2 = 533 = . . . = Q3oo = vr/2. 

The first statement of Theorem 1.3 immediately gives the lower bound 
tt/2 for 032, . . . ,5Soo • This bound is achieved as the exponential function 
exp G A^oo shows. 

The Ahlfors Five Islands Theorem is 

Theorem A. Given five Jordan regions on the Riemann sphere with 
disjoint closures, every nonconstant meromorphic function /: C ^ C has a 
holomorphic branch of the inverse in one of these regions. 

Derivation of Theorem A from Theorem 1.1. We consider the following 
five points on the Riemann sphere 

ei = oo, 62 = 0, 63 = 1, and 64,5 = exp(ib27rz/3). 

These points serve as vertices of a triangulation of the sphere into six spherical 
triangles, each having angles 7r/2, 7r/2, 27r/3. The spherical circumscribed 
radius of each of these triangles is Rq: = arctan2 ~ 63°26'. (See for example 
[12, p. 246].) This means that each point on the sphere is within distance Rq 
from one of the points 6j . Let V- C -^ C be a diffeomorphism which sends 
the given Jordan regions Dj , 1 < j < 5 , into the spherical discs Bj of radius 
£q'-= (&o — -Ro)/2 > centered at 6j, 1 < j < 5. By the Uniformization 
Theorem there exists a quasiconformal diffeomorphism </>: C ^ C and a mero- 
morphic function g:<C ^ C such that 

(4) ijjo f = go(p. 

By Theorem 1.1 an inverse branch of g exists in some spherical disc B of 
radius bo — Eq. Every such disc B contains at least one of the discs Bj . So 
g and thus ip o f have inverse branches in one of the discs Bj . We conclude 



that / has an inverse branch in one of the regions Dj C tp ^{Bj). D 



The use of the diffeomorphism tp in the above proof was suggested by 
recent work of Bergweiler [8] who gives a simple proof of the Five Islands 
Theorem using a normality argument. 

Our Theorem 1.2 implies a stronger version of the Five Islands Theorem 
proved by Dufresnoy [14], [18]. 
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Theorem B. Let Di, . . . ,Dr, be five Jordan regions on the Riemann 
sphere whose closures are disjoint. Then there exists a positive constant C2 , 
depending on these regions, with the following property. Every meromorphic 
function f in D without inverse branches in any of the regions Dj satisfies 

l/'(0)| 



1 + I/(0)P 



<C2 



In fact one can take C2 = (32Lmax{Co(eo); 1})^ ) where L > 1 is the 
Lipschitz constant of ■0~^ in (4), K is the maximal quasiconformal dilatation 
of ^, £0 is as above and Cq is the function from Theorem 1.2. So Co(eo) 
is an absolute constant, while L and K depend on the choice of the regions 
Dj in Theorem B. This value for C2 can be obtained by an application of 
Mori's theorem similarly as below in our reduction of Theorems 1.2 and 1.3 to 
Theorem 1.4. 

Before we begin discussing the proofs of Theorems 1.2 and 1.3, let us 
introduce some notation and fix our terminology. It is convenient to use the 
language of singular surfaces though our surfaces are of very simple kind, called 
K-polyhedra in [24, Ch. I, 5.7]. For r G (0, 1] , q > and x G {0,1,-1} a 
cone C{a, x, f), is the disc D(r) , equipped with the metric given by the length 

element 

2a\z\''-'^\dz\ 

i + xl^P" 

This metric has constant Gaussian curvature x iii -^(^)\{0}- 

To visualize a cone we choose a sequence = oq < ai < . . . < On = ^na 
with aj — aj-i < 27r, and r G (0, 1] , and consider the closed sectors 

Dj = {w £ D{r°') : aj-i < aigw < Oj}, 1 < j < n, 

equipped with the Riemannian metric of constant curvature x , whose length 
element is 2\dw\/{l + x|wp)- For 1 < j < n — 1 we paste Dj to -Dj+i along 
their common side {w £ D{r'^) : aigw = Oj}, and then identify the remaining 
side {w G D{r°') : aigw = a„} of Dn with the side {w G D{r°^) : argw = ao} 
of Di , all identifications respecting arclength. Thus we obtain a singular 
surface S which is isometric to the cone C{a, x, ^) via z = (t>{w) = w^''^ . 

We consider a two-dimensional connected oriented triangulable manifold 
(a surface) equipped with an intrinsic metric, which means that the distance 
between every two points is equal to the infimum of lengths of curves connecting 
these points. By a singular surface we mean in this paper a surface with an 
intrinsic metric which satisfies the following condition. For every point p there 
exists a neighborhood V and an isometry (j) of V onto a cone C{a, x, r) . 
The numbers r and a in the definition of a cone may vary from one point 
to another. It follows from this definition that near every point, except some 
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isolated set of singularities we have a smooth Riemannian metric of constant 
curvature x ^ {0)1)~1}- The curvature at a singular point p is defined to 
be +00 if < a < 1 and — cx) if a > 1. The total angle at p is 2iTa, and p 
contributes 27r(l — a) to the integral curvature. 

Underlying the metric structure of a singular surface is a canonical 
Riemann surface structure. It is obtained by using the local coordinates (f> 
from the definition of a singular surface as conformal coordinates. When we 
speak of a 'conformal map' or 'uniformization' of singular surfaces, we mean 
this conformal structure. So our 'conformal maps' do not necessarily preserve 
angles at singularities. 

In what follows every hyperbolic region in the plane is assumed to carry its 
unique smooth complete Riemannian metric of constant curvature — 1 , unless 
we equip it explicitly with some other metric. For example, D{R) is always 
assumed to have the metric with length element 

2R\dz\ 

If (/): D{R) ^ y is a conformal map of singular surfaces, and the curvature 
on Y is at most —1 everywhere, then (p is distance decreasing. This follows 
from Ahlfors's extension of Schwarz's lemma [5, Theorem 1-7]. 

If f: X ^ Y is a smooth map between singular surfaces, we will denote 
by 1 1 /'I I the norm of the derivative with respect to the metrics on X and Y . 
So (1), for example, can simply be written as ||/'|| < Co(e). We reserve the 
notation |/'| for the case when the Euclidean metric is considered in both X 
and Y . 

In this paper triangle always means a triangle whose angles are strictly 
between and vr, and spherical triangle refers to a triangle isometric to one 
on the unit sphere S in M^ . 

Let D be a region in C, and f:D^Ca nonconstant meromorphic 
function. We consider another copy of D and convert it into a new singular 
surface Sf by providing it with the pullback of the spherical metric via / . Then 
the metric on Sj has the length element 2\f'{z)dz\/{l + |/(z)p). The identity 
map id: D -^ D now becomes a conformal homeomorphism fi'.D -^ Sf . Thus 
/ factors as 

(5) / = /2o/i, D^Sf^C, 

where /2 is a path isometry, that is, /2 preserves the arclength of every rec- 
tifiable path. In the classical literature, the singular surface Sf is called the 
Riemann surface of f~^ spread over the sphere (Uberlagerungsflache). 

The following idea was first used by Ahlfors in his paper [2] to obtain a 
lower bound for the classical Bloch constant Bq . In the papers of Pommerenke 
[23] and Minda [19], [20] essentially the same method was applied to the case 
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of the spherical metric. Assuming that the Bloch radius of a function 
/: D{R) ^ C is small enough one constructs a conformal metric on Sf whose 
curvature is bounded from above by a negative constant. If we denote the sur- 
face Sf equipped with this new metric by S' , then the identity map 
id: Sf — > Sf can be considered as a conformal map ip: Sf ^ S' . If, in addition, 
one knows a lower bound for the norm of the derivative of ip , an application 
of the Ahlfors-Schwarz lemma to "0 ° /i (where /i is as in (5)) leads to an 
estimate of the form (1). For a proof of Theorem 1.2 it seems hard to find 
an explicit conformal map ip which will work in the case when 53(/) is close 
to bo. 

Our main innovation is replacing the conformal map f/' by a quasiconfor- 
mal map such that tp^'^ E Lip(L), for some L > 1, which means that 'tp~^ 
satisfies a Lipschitz condition with constant L (see Theorem 1.4 below). 

Let us describe the scheme of our proof. 

We recall that f:D^Cis said to have an asymptotic value a £ C if there 
exists a curve 7: [0, 1) ^ D such that 7(t) leaves every compact subset of D 
as i ^ 1 and a = limj^i f{^{t)). The potential presence of asymptotic values 
causes difficulties, so our first step is a reduction of Theorems 1.2 and 1.3 to 
their special cases for functions without asymptotic values. This reduction is 
based on a simple approximation argument (Lemmas 2.1 and 2.2). If / has 
no asymptotic values, then the singular surface Sf is complete; that is, every 
curve of finite length in Sf has a limit in Sf . 

As a second step we introduce a locally finite coveringEI T of Sf by closed 
spherical triangles such that the intersection of any two triangles of T is either 
empty or a common side or a set of common vertices. In addition the set 
of vertices of these triangles coincides with the critical set of /2, and the 
circumscribed radii of all triangles do not exceed the Bloch radius 5S(/). The 
existence of such covering was proved in [10] under the conditions that / has no 
asymptotic values, and 5S(/) < 7r/2. For the precise formulation see Lemma 
2.3 in Section 2. Our singular surface Sf has spherical geometry everywhere, 
except at the vertices of the triangles where it has singularities. Since each 
vertex of a triangle in T is a critical point of /2 in (5), the total angle at a 
vertex p is 27rm where m is the local degree of /2 at p, m > 2. In particular, 
the total angle at each vertex of a triangle in T is at least in , and at least Gvr 
if all critical points of / are multiple. Now our results will follow from 

Theorem 1.4. Let S be an open simply- connected complete singular 
surface with a locally finite covering by closed spherical triangles such that the 
intersection of any two triangles is either empty, a common side, or a set of 



^ This covering need not be a triangulation, since two distinct triangles might have more than 
one common vertex without sharing a common side. 
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common vertices. Assume that for some e > one of the following conditions 
holds: 

(i) The circumscribed radius of each triangle is at most bo — £ and the total 
angle at each vertex is at least in, or 

(ii) The circumscribed radius of each triangle is at most n/2 — e and the total 
angle at each vertex is at least Gvr. 

Then there exists a K- quasiconformal map ^p■. S ^ B) such that ^p~^ G Lip(L) , 
with L and K depending only on e. 

Case (i) will give Theorem 1.2 and case (ii) will give Theorem 1.3. 

The idea behind Theorem 1.4 is that if the triangles are small enough, 
then the negative curvature concentrated at vertices dominates the positive 
curvature spread over the triangles. Thus on a large scale our surface looks 
like one whose curvature is bounded from above by a negative constant. 

For the proof in the case (i) we first construct a new singular surface S in 
the following way. We choose an appropriate increasing subadditive function 
F: [0, vr) -^ [0, cx)) with F(0) = and 

(6) F'(0) < oo, 

and replace each spherical triangle A G T with sides a,b,c by a Euclidean tri- 
angle A whose sides are F{a), F{b), F{c) . The monotonicity and subadditivity 
of F imply that this is possible for each triangle A; that is, F{a),F{b),F{c) 
satisfy the triangle inequality. Then these new triangles A are pasted to- 
gether according to the same combinatorial pattern as the triangles A in T, 
with identification of sides respecting arclength. Thus we obtain a new sin- 
gular surface S , and (6) permits us to define a bilipschitz homeomorphism 

i^i-.s ^ s. 

The main point is to choose F so that each angle of every triangle A is 
at least 1/2-1- 5 times the corresponding angle of A, where 5 > is a constant 
depending only on e (cf. Theorem 1.5). Thus the new singular surface S has 
Euclidean geometry everywhere, except at the vertices of the triangles, where 
the total angle is at least 27r -|- 4^6. As the diameters of the triangles A 
are bounded, it is relatively easy (using the Ahlfors method described above) 
to show that S is conformally equivalent to B, and that the uniformizing 
conformal map 1^2'- S ^ D has an inverse in Lip(L) with L depending only on 
6. Then Theorem 1.4 with (i) follows with ip = V'2 ° V'l • Case (ii) is treated 
similarly. 

The major difficulty is to verify that some function F has all the neces- 
sary properties. To formulate our main technical result we use the following 
notation. Let A be a spherical or Euclidean triangle whose sides have lengths 
a,b,c, and F a subadditive increasing function with -F(O) = and F{t) > 
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for t > 0. We define the transformed triangle A: = FA as a Euclidean triangle 
with sides F{a), F{b), F{c) . Let a,f3,^ be the angles of A, and a,/?, 7 the 
corresponding angles of A . We define the angle distortion of A under F by 

(7) D{F, A) = min{Q/a, /3//5, 7/7}. 

For case (i) in Theorem 1.4 we take A; > and putfl 



(8) Fk{t) =min{A;chdt,\/chdt}, where chdt: = 2sin(t/2), te[0,7r]. 

Theorem 1.5. For every e £ (0, 60) there exist k>l and 5 > such 
that for every spherical triangle A of circumscribed radius at most bo — e the 
angle distortion by F^ satisfies 

D{Fk,A)>^ + 5. 



For Theorems 1.3 and 1.4 with condition (ii) we need a simpler result with 
(9) F^{t)=mm{kchdt,l}, tG[0,7r]. 

Theorem 1.6. For every e G (0, 7r/2) there exist k>l and 6 > such 
that for every spherical triangle A of circumscribed radius at most 7r/2 — e the 
angle distortion by F^ satisfies 

D{F^,A)>^ + 6. 

The constant 1/2 in Theorem 1.5 is the best possible, no matter which 
distortion function F is applied to the sides. Indeed, a spherical equilateral 
triangle of circumscribed radius close to 60 has a sum of angles close to 27r , 
and the corresponding Euclidean triangle has a sum of angles vr. A similar 
remark applies to the constant 1/3 in Theorem 1.6. Further comments about 
Theorems 1.5 and 1.6 are in the beginning of Section 3. 

Remarks. 1. Our proofs of Theorems 1.5 and 1.6 are similar but separate. 
It seems natural to conjecture that one can 'interpolate' somehow between 
these results. This would yield Theorem 1.4 under the following condition: 

(iii) For fixed q G (1,3] and e > the total angle at each vertex is at least 
2TTq and the supremum of the circumscribed radii is at most 



— cos(TTq/2) 

arctan \ / — -— 

y cos'^(7rg/6) 



^ We find the notation chd (abbreviation of 'chord') convenient. According to van der Waerden 
[27] the ancient Greeks used the chord as their only trigonometric function. Only in the fifth century 
were the sine and other modern trigonometric functions introduced. 
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If £ = 0, then this expression is the circumscribed radius of an equilateral 
spherical triangle with angles 7rg/3. In Theorem 1.4 case (i) corresponds to 
q = 2 and (ii) to q = 3. The limiting case g ^ 1 is also understood, namely 
we have the 

Proposition 1.7. Every open simply- connected singular surface trian- 
gulated into Euclidean triangles of bounded circumscribed radius, and having 
total angle at least 2iTq at each vertex, where q> I, is conformally equivalent 
to the unit disc. 

We will prove this in Section 2 as a part of our derivation of Theorem 1.4. 

2. Ahlfors's original proof of Theorem A [3], [18] was based on a linear 
isoperimetric inequality. Assuming that / has no inverse branches in any of 
the five given regions Dj , he deduced that the surface 5/ has the property that 
each Jordan region in Sf of area A and boundary length L satisfies A < hL , 
where h is a positive constant depending only on the regions Dj . On the other 
hand, Ahlfors showed that a surface with such a linear isoperimetric inequality 
cannot be conformally equivalent to the plane, and used this contradiction to 
prove Theorem A. The stronger Theorem B can be derived by improving the 
above isoperimetric inequality to 

A < min{/iiL^,/iL}, 

where the constants hi and h still depend only on the regions Dj . This 
argument belongs to Dufresnoy [14]; see also [18, Ch. 6]. It seems that a linear 
isoperimetric inequality holds under any of the conditions of Theorem 1.4 or 
of the above proposition. This would imply that the surface is hyperbolic in 
the sense of Gromov [17]. 

3. It can be shown [10, Lemma 7.2] that condition (i) in Theorem 1.4 
implies that the areas of the triangles are bounded away from vr . Similarly (ii) 
implies that these areas are bounded away from 2tt . One can be tempted to 
replace our assumptions on the circumscribed radii in Theorem 1.4 by weaker 
(and simpler) assumptions on the areas of the triangles. We believe that there 
are counterexamples to such stronger versions of Theorem 1.4. 

4. Theorem 1.2 can be obtained from Theorem 1.1 by a general rescal- 
ing argument as in [10]. (A similar argument derives Bloch's theorem from 
Valiron's theorem and Theorem B from Theorem A. See [28] for a general 
discussion of such rescaling.) But we could not simplify our proof by proving 
the weaker Theorem 1.1 first. The problem is in the crucial approximation 
argument in Section 2 which deals with asymptotic values. 
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5. The functions Co in Theorem 1.2 and Ci in Theorem 1.3 can easily 
be expressed in terms of A; = k{e) and 5 = 6{e) from Theorems 1.5 and 1.6. 
The authors beheve that the arguments of this paper can be extended to give 
exphcit estimates for k and 5, but this would make the proofs substantially 
longer. So we use 'proof by contradiction' to simplify our exposition. 

The plan of the paper is the following. In Section 2 we reduce all our results 
to Theorems 1.5 and 1.6. Section 3 begins with a discussion and outline of the 
proof of Theorem 1.5. The proof itself occupies the rest of Section 3 as well as 
Sections 4, 5 and 6. In Section 7 we prove Theorem 1.6, using some lemmas 
from Sections 4 and 5. The main results of this paper have been announced in 
[11]. 

The authors thank D. Drasin, A. Gabrielov and A. Weitsman for helpful 
discussions, and the referee for carefully reading the paper. A. Gabrielov sug- 
gested the use of convexity to simplify the original proof of Lemma 5.1. This 
paper was written while the first author was visiting Purdue University. He 
thanks the faculty and staff for their hospitality. 



2. Derivation of Theorems 1.2, 1.3 and 1.4 
from Theorems 1.5 and 1.6 

We begin with the argument which permits us to reduce our considerations 
to functions without asymptotic values. 

Lemma 2.1. Let R > 1, e > 0, and a meromorphic function f: D{R) -^ C 
he given. Then there exists a confornial map (/) of D into D{R) with 0(0) = 
and |0'(O) — 1| < e such that f o (p is the restriction of a rational function 
to D. 

// all critical points of f m D are multiple, then (p can he chosen so that 
all critical points of f o (p m D are multiple. 

Proof. We may assume that / is nonconstant. Then we can choose an 
annulus A = {z : ri < \z\ < r2} with 1 < ri < r2 < i? such that / has no 
poles and no critical points in A. Put m = min{|/'(z)|: z G A} > 0, and let 
5 G (0, m/6) . Taking a partial sum of the Laurent series of / in A, we obtain 
a rational function g such that 

(10) \g{z) - f{z)\ < (rs - ri)6 and \g'{z) - f'{z)\ <6 for z G A 

Let A be a smooth function defined on a neighborhood of [ri,r2] such that 
< A < 1, A(r) = for r < ri , A(r) = 1 for r > r2, and |A'| < 2/(r2 — ri). 
We put u{z) = X{\z\){g(z) — f{z)) for z in a neighborhood of A. Then (10) 
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implies |u'(2;)| < 35 < ra/2 for z £ A. The function 

{f(.z), \z\ < n, 

f{z) +u{z), ri < \z\ < r2, 
g{z), \z\ > r2 

is meromorphic in C\A. In a neighborhood of A it is smooth, and for its 
Beltrami coefficient Hh = h-/hz we obtain |/i/j| < Q5/m < 1. Thus h:C^C 
is a quasiregular map. Hence there exists a quasiconformal homeomorphism 
0: C ^ C fixing 0, 1 and co with fx^-i = fih- Then ho (p is a rational function. 
Moreover, when 6 is small, then is close to the identity on C. Hence for 
sufficiently small 5 > the homeomorphism </> is conformal in D , and we have 
|(^'(0) — 1| < e and (f>(0) C D(ri). Moreover, if / has only multiple critical 
points in D, then we may in addition assume that (j) maps D into a disc in 
which / has only multiple critical points. Thus /o0 has only multiple critical 
points in D. D 

Lemma 2.2. Given e > and a meromorphic function /:D ^ C there 
exists a meromorphic function g:D ^ C without asymptotic values such that 

(11) «(5) <»(/)+£ 
and 

(12) ||5'(0)||>(l-e)||/' 



// all critical points of f are multiple, then g can he chosen so that all its 
critical points are also multiple. 

Proof. First we approximate / by a restriction of a rational function to B . 
Assuming < e < 1/2 we set r = 1 — e/2 and apply the previous Lemma 2.1 
to the function fr{z): = firz), z G ID, which is meromorphic in D{l/r). We 
obtain a conformal map (p onD with the properties (f)(0) = 0, (/>(B) C D{l/r) , 
and 

|0'(O)|>l-£/2 

such that p: = /j. o (/>: ID ^ C is the restriction of a rational function /i: C ^ C. 
(The reason why we have to distinguish between p and h is that in general 
Q5(p)/Q5(/i).) We have 

(13) »(p) < «(/) 
and 

(14) ||/i'(0)|| = ||p'(0)||>(l-e)||/'(0)||. 
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If all critical points of / in ID are multiple, then fr has only multiple 
critical points in D. Then Lemma 2.1 ensures that (p can be chosen in such a 
way that p has only multiple critical points in B. 

Now we will replace p by a function g:D ^ C which has no asymptotic 
values. 

We consider the singular surface Sh obtained by providing C with the 
pullback of the spherical metric via h. Then h factors as in (5), namely 
h = /i2 o /ii , where hi:C ^ S^ is the natural homeomorphism and h2: S^ ^ C 
is a path isometry. 

The compact set K := Sh\hi{D) has a finite e/2-net E C K ; that is, 
every point of K is within distance of e/2 from E . We may assume without 
loss of generality that E contains at least 4 points. We put 

(15) H := h^^{E) U (crit(/i) n (CV^))) C C\B, 

where crit(/i) stands for the set of critical points of h. Let ^: B ^ C, V'(O) = 0) 
be a holomorphic ramified covering of local degree 3 over each point of H and 
local degree 1 (unramified) over every point of C\H . Such a ramified covering 
exists by the Uniformization Theorem for two-dimensional orbifolds [15, Ch. 
IX, Theorem 11]. Then ip has no asymptotic values and 

(16) ||V''(0)|| > 1 

by Schwarz's lemma, because tp is unramified over D. 
Now we set 

(17) g := h2 o hi o ijj = ho ip. 

First we verify the statement about asymptotic values. Neither h nor ip have 
them, so the composition g does not. 

The inequality (12) follows from (14), (16) and (17). 

Now we verify 

(18) ^{g)<^ip) + e. 

To prove (18) we assume that i? C C is a spherical disc of radius R > e, 
where a branch of g~^ is defined. By (17) there is a simply-connected region 
D C C such that h: D ^ B is a homeomorphism, and a branch of ip~'^ exists 
in D. It follows that L> n i7 = so, by definition (15) of H 

(19) hi{D)r\E = %. 

We consider the spherical disc Bi C B of spherical radius R — e and the same 
center as B . Let Di be the component of h~^{Bi) such that Di C D . Since 
B is the open e-neighborhood of Bi, and /i2:/ii(-D) ^ S is an isometry, it 
follows that hi{D) is the open e-neighborhood of hi{Di). This, (19) and the 
definition of E implies that Di C B. 
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Since Di C D, and p is the restriction of /i on D, p maps Di onto Bi 
homeomorphically, and so (18) follows. Together with (13) this gives (11). 

It remains to check that all critical points of g are multiple if all critical 
points of / are. Using (17) we see that if zq is a critical point of g, then 
either zq is a critical point of ■0 or ■0(-2o) is a critical point of h. In the first 
case Zq is multiple, since all critical points of ip are multiple according to the 
definition of V'- In the second case, when zq is not a critical point of tp and 
"0(^0) is a critical point of h, we must have iP{zq) G B, since ip is ramified 
over all critical points of h outside D by (15). But in D the maps p and h are 
the same, and p has only multiple critical points. Hence ip{zo) is a multiple 
critical point of h which implies that zq is a multiple critical point oi g . D 

Lemma 2.3 ([10, Prop. 8.4]). Let D be a Riemann surface, and f:D^C 
a nonconstant holomorphic map without asymptotic values such that 
«(/)<vr/2. 

Then there exists a set T of compact topological triangles in D with the 
following properties: 

(a) For all A & T , the edges of A are analytic arcs, f\A is injective and 
conformal on A. The set /(A) is a spherical triangle contained in a 
closed spherical disc of radius ®(/). 

(b) If the intersection of two distinct triangles Ai, A2 & T is nonempty, then 
Ai n A2 is a common edge of Ai and A2 or a set of common vertices. 

(c) The set consisting of all the vertices of the triangles A G T is equal to 
the set of critical points of f . 

(d) T is locally finite, i.e., for every z £ D there exists a neighborhood W 
of z such that W D A ^ t/i for only finitely many A £ T . 

(e) UAeT^ = D. 

A complete proof of this Lemma 2.3 is contained in [10, §8]. Here we just 
sketch the construction for the reader's convenience. Take a point z £ D such 
that f'{z) 7^ and put w = f{z). Then there exists a germ (j)^ of f~^ such 
that (f>z{w) = z. Let B C C he the largest open spherical disc centered at w 
to which (f)z can be analytically continued. As there are no asymptotic values, 
the only obstacle to analytic continuation comes from the critical points of /. 
So there is at least one but at most finitely many singularities of (pz on the 
boundary dB . Let C{z) be the spherical convex hull of these singularities. 
This is a spherically convex polygon contained in B. This polygon is nonde- 
generate (has nonempty interior) if and only if the number of singular points 
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on dB is at least three. Let D(z) = (j)ziC{z)). We consider the set Q of all 
points z in D , for which the polygon C{z) is nondegenerate. It can be shown 
that the union of the sets D{z) over all z G Q is a locally finite covering of 
D , and D{zi) n D{z2) for two different points zi and Z2 in Q is either empty 
or a common side or a set of common vertices. The vertices are exactly the 
critical points of /. Finally, if we partition each C{z), z £ Q , into spherical 
triangles by drawing appropriate diagonals, then the images of these triangles 
under the maps (pz, z £ Q, give the set T. D 

Reduction of Theorems 1.2 and 1.3 to Theorem 1.4. We assume that 
i? = 1 in Theorems 1.2 and 1.3. This does not restrict generality because 
we can replace f{z) by f{z/R). Moreover, the hypotheses on the function / 
in both theorems and the estimates (1) and (3) possess an obvious invariance 
with respect to pre-composition of / with an automorphism of the unit disc. 
So it is enough to prove (1) and (3) for z = 0. 

By Lemma 2.2 it will suffice to consider only the case when / has no 
asymptotic values. If S(/) > 7r/2 there is nothing to prove, so we assume that 
*8(/) < 7r/2. Now we apply Lemma 2.3 to /iB ^ C. As it was explained 
in the Introduction, we equip D with the pullback of the spherical metric via 
/, which turns D into an open simply-connected singular surface, which we 
call Sf. The map /:D ^ C now factors as in (5), where ID is the unit disc 
with the usual hyperbolic metric, /i is a homeomorphism (coming from the 
identity map), and /2 is a path isometry. The restriction of /2 onto each 
triangle A G T is an isometry, so we can call A a spherical triangle. The 
circumscribed radius of each triangle A G T is at most 5S(/), and the sum of 
angles at each vertex is at least 47r. Under the hypotheses of Theorem 1.3 it is 
at least Gtt. Thus one of the conditions (i) or (ii) of Theorem 1.4 is satisfied. 

As / has no asymptotic values the singular surface Sf is complete. Ap- 
plying Theorem 1.4 to S = Sf, we find a i^-quasiconformal and L-Lipschitz 
homeomorphism Tp^^:D -^ Sf with K > 1 and L> 1 depending only on e. 

Now we put (/) = ip o fi:]S) -^ D. This map is a X-quasiconformal 
homeomorphism. Post-composing ip with a conformal automorphism of B, 
we may assume 0(0) = 0. Then Mori's theorem [4, IIIC] yields that \<p{z)\ < 
W\z\^'^ for z G B. This implies 

dist/,(0, (/>(z)) < 43|r|^/^ for z G D{r), r G (0, 32"^], 

where dist/j denotes the hyperbolic distance. Thus by the Lipschitz property 
of ip~^ we obtain that /i = Tp~^ o (j) maps D{r), r G (0,32^ ], into a disc 
on Sf centered at /i(0) of radius at most 43Lr^' . Since /2 is a path isom- 
etry, we conclude that f = f2 ° fi maps the disc -D(ro) with ro = (32L)~^ 
into a hemisphere centered at /(O). Then Schwarz's lemma implies ||/'(0)|| 
< (32L)-^. D 
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It remains to prove Theorem 1.4. We begin with the study of a projection 
map n which associates a Euclidean triangle with each spherical triangle. 

Lemma 2.4. Let A C S be a spherical triangle of spherical circumscribed 
radius R < '7t/2, C its circumscribed circle, and P cM^ the plane containing 
C . Let 11: A ^ P be the central projection from the origin. Then 11 is an 
L-bilipschitz map from A onto n(A) with L = secR. Furthermore the ratios 
of the angles of n(A) to the corresponding angles of A are between cos R and 
secR. 

Further properties of the map IT are stated in Lemmas 3.1 and 3.5. Note 
that the triangle n(A) is congruent to -FA, where F = chd. 

Proof of Lemma 2.4. Take any point p £ A and consider the tangent 
plane Pi to S passing through p. The angle 7 < 7r/2 between Pi and P 
is at most R. Suppose that p is different from the spherical center po of C. 
Then there is a unique unit vector u tangent to S at p pointing towards pQ . 
Let u be a unit vector perpendicular to u in the same tangent plane. Then 
the maximal length distortion of 11 at p occurs in the direction of u and is 
cos R sec^ 7 . The minimal length distortion occurs in the direction of v and is 
cos R sec 7 . These expressions for the maximal and minimal length distortion 
of n are also true at p = pQ where 7 = 0. Considering the extrema of the 
maximal and minimal distortion for 7 G [0, P] we obtain L = sec P. 

To study the angle distortion we consider a vertex O of A. Let f be a 
unit tangent vector to P at O, and its preimage u = (n~^)'(v) in the tangent 
plane to S at O. If w makes an angle r G (0, tt) with C , then the components 
of V tangent and normal to C have lengths | cosr| and sinr, respectively. The 
component tangent to C remains unchanged under (n~^)', while the normal 
one decreases by the factor of cos P . Thus the angle between u and C is 

(20) rj = arccot (sec P cot r) . 

This distortion function has derivative 

dr] cos P 



21 



dr cos^ r + cos^ P sin^ r ' 
which is increasing from cos P to sec P as r runs from to it/2 . D 

Lemma 2.5. Suppose that 0: A ^ C is an affine map of a Euclidean 
triangle, whose angles are a < /3 < 7. Let L be the Lipschitz constant of 
(j), and let I be the maximal Lipschitz constant of the three maps obtained by 
restricting (p to the sides of A . Then L < /vr^/?^^ . 
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Proof. Let ui and U2 be unit vectors in the directions of those sides of A 
that form the angle (3. Let u be a unit vector for which 

(22) L = \(f>'u\. 

If u = ciUi + C2U2 , then by taking scalar products we obtain 

(n,ni) = ci +C2(ni,U2), 

(n,n2) = ci(ni,U2) + C2. 

Solving this system with respect to ci and C2 by Cramer's rule, and using 
trivial estimates for products, we get 

\Cj\ <- r^ -2 =2cSc2(/3). 

By substituting this into (22), we conclude L < (|ci| + \c2\)l < 4/csc^(/3) 

Lemma 2.6. For q G (0, 1) the metric in the disc D{\/2) given by the 
length element 

(23) M^)H ^= ^^^2^3^' ""^''^ ^■■='^[t^) 

has constant curvature —1 everywhere in D(v2)\{0}. Its density X is a de- 
creasing function of \z\ G (0, -v/2) with infimum ^/{l — q^)/2. 

This is proved by a direct computation. D 

We will repeatedly use the following facts. 

If F is a concave nondecreasing function with F{0) = and F{x) > for 
X > 0, then the inequalities a,b > and c < a + b imply F{c) < F{a) + F{b) . 
Thus for every spherical or Euclidean triangle A the transformed Euclidean 
triangle A = FA is defined. 

This applies to both side distortion functions in (8) and (9). 

If a < /3 < 7 are the angles of A, then the corresponding angles a, f3, 7 of 
A satisfy a < /3 < 7 . This follows from a well-known theorem of elementary 
geometry that larger angles be opposite larger sides. 

Derivation of Theorem 1.4 from Theorems 1.5 and 1.6. Let us assume 
that condition (i) of Theorem 1.4 holds. (The proof under condition (ii) is 
similar.) 

We will construct the required map in two steps. First we will map the 
given singular surface S onto a singular surface S which has the flat Euclidean 
metric everywhere except at a set consisting of isolated singularities, where we 
have some definite positive total angle excess. 
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To each triangle A G T we assign a Euclidean triangle A = Fj^/S.. The 
subadditivity of F^ ensures that A is well-defined. If Ai and A2 in T have a 
common side or common vertices, then we identify the corresponding sides or 
vertices of Ai and A2 . For the identification of common sides we use arclength 
as the identifying function. By gluing the triangles A together in this way, 
we obtain a new singular surface S . It is Euclidean everywhere except at the 
vertices of the triangles A. The total angle at each vertex is at least 2tt{1 + 25) 
by Theorem 1.5. 

Now we construct a bilipschitz map ^1 : S* -^ S . We will define it on each 
triangle in T in such a way that the definitions match on the common sides 
and vertices of the triangles. For a given triangle A G T we put V'iIa = 0°n, 
where 11 is the central projection map from Lemma 2.4, and (p is the unique 
affine map of the Euclidean triangles n(A) -^ A. 

According to the identifications used to define S and since our maps 
between triangles map vertices to vertices, it is clear that the definition of V'l 
matches for common vertices of triangles. Let s be a common side of two 
triangles Ai and A2 in T . Then we place Ai and A2 on the sphere S in 
such a way that they have this common side and consider the planes Pi and 
P2 in M^ passing through the vertices of Ai and A2 , respectively. Then the 
central projections Hi and 112 from S to Pi and P2 , respectively, match on 
s, which is mapped by both projections onto the chord of S connecting the 
endpoints of s in M^. That the affine maps (l)i:Ili{s) -^ S and (/)2: 112(5) -^ S 
match is evident. 

Our surfaces S and S carry intrinsic metrics. Therefore, in order to show 
that ^1 is L -bilipschitz it suffices to show that the restriction of ^1 to an 
arbitrary triangle A in T is L-bilipschitz. Since the circumscribed radius of 
A is bounded away from 7r/2, Lemma 2.4 gives a bound for the bilipschitz 
constant for the projection part 11 of V'l independent of e. (In case (ii) of 
Theorem 1.4 it will depend on e.) To get an estimate for the affine factor 
(f) we first consider length distortion on the sides of n(A) . According to the 
definition of Fk in (8), a side of n(A) of length a is mapped onto a side 
of A with length inm{ka, ^/a} . Since < a < 2 and A; > 1, we obtain 
l/v2 < min{/ca, ^/a}/a < k. So the length distortion of on the sides is at 
most max{/c, -v/2}. Moreover, we note that the diameter of each triangle A is 
less than \/2- To estimate the distortion in the interior of n(A) we consider 
two cases. 

If the diameter d of n(A) is at most l/fc^ , then the triangle A is obtained 
from n(A) by scaling its sides by the factor k. In particular, these triangles 
are similar, so the affine map is a similarity, and the distortion in the interior 
of n(A) is equal to the distortion on the sides. 
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To deal with the the case d > l//c^ first we note that the circumscribed 
radius r of n(A) is at most 1 . If we denote by a' < (3' the two smaller 
angles of n(A), then a' + (3' > axcsm{d/{2r)) > l/{2k'^), and so /3' > l/(4/c2). 
Then Lemma 2.5 gives an estimate of the Lipschitz constant of </>. To estimate 
the Lipschitz constant of (j)~^ we notice that the intermediate angle /3 of A 
satisfies /? > (3/2 > {(3' cosR)/2 in view of Theorem 1.5 and Lemma 2.4. This 
gives (3 > cos6o/(8A;^) . So Lemma 2.5 gives a bound for the Lipschitz constant 
of <t>-^:A^U{A) as well. 

In any case, we see that Vi restricted to any triangle in T is L-bilipschitz 
with bilipschitz constant only depending on k, and hence only on e. As we 
stated above this implies that ipi: S -^ S is L-bilipschitz. Then Vi is also 
-R'-quasiconformal with K = L^ . 

Thus we have proved that ipi: S -^ S is L-bilipschitz and X-quasicon- 
formal with L and K depending only on e . 

Now we proceed to the second step of our construction, and find a confor- 
mal map iIj2'- S ^ D . Since S is an open and simply-connected surface, S has 
the same properties. By the Uniformization Theorem there exists a conformal 
map g:D{R) — >■ S, where < -R < oo. We will estimate \\g'\\- If the total 
angle at a vertex v G S is 

(24) 27ra > 27r(l + 25) 
and zq = g~^{v), then we have 

(25) \g'{z)\ r^ const\z — zo\'^^'^, z ^ zo, 
and 

(26) pvigiz)) r^ const\z- zqI", z ^ zq, 

where Pv{w) stands for the distance from a point w £ S to the vertex v £ S . 
Now we put a new conformal metric on S . Denote by V the set of all vertices of 
our covering {A} of S . For a point w £ S we put p(w) := inf{/9„(w) : v G V} , 
which is the distance from w to the set V . The infimum is actually attained, 
because our singular surface S is complete and thus there are only finitely 
many vertices within a given distance from any point w £ S . As we noticed 
above the diameter of each triangle A C S* is less than \/2. Hence p{w) < \f2 
for w £ S . Let A be the density in (23) with q := (1 + 6)^^ . Then (24) implies 
that for every vertex with total angle 27ra we have 

(27) aq > 1. 

Following Ahlfors we define a conformal length element A{w)\dw\ with the 
density 

A{w) := X{p{w)), w £ S\V. 
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Since p < \/2 this is well-defined. For each point p G S\y we can choose 
a vertex v{p) G V closest to p. Then in a neighborhood of p the metric 
\{p^(^p-){w))\dw\ is a supporting metric of curvature —1 in the sense of [5, §1-5] 
for A{w)\dw\ . In view of (25), (26), (23) and (27) the density of the pullback 
of the metric K{w)\dw\ via the map g has the following asymptotics near the 
preimage zq of a vertex v 

K{g{z))\g'{z)\ = X{p.,{g{z)))\g' {z)\ = 0{\z - z^r-^) = o(l), z ^ zq- 

The Ahlfors-Schwarz lemma and Lemma 2.6 now imply that for arbitrary < 
r < R 



(28) |g-(z)|<(infA)-^-^^^< ,^ Z . , ,.,. ^ zeD{r). 



2r 2V2r 

This inequality shows that R < oo; thus we can assume without loss of gen- 
erality that R = 1. Then (28) is true for r = 1, and this implies H^f'H < 
V2(l — g^)^^'^ . In other words, if we put V'2 := g~^ , then tp2 is a Lipschitz 
map with Lipschitz constant v2(l — g^)~^/^ which depends only on 6 and 
hence only on e. 

Composing our maps we obtain ip = ip2 o ipi'- S -^ B. Then ip is 
i^-quasiconformal and ^^^ is L-Lipschitz with K and L depending only 
on e. This proves Theorem 1.4. D 



3. Outline of the proof of Theorem 1.5. The generic case 

We use the notation FA and D(F,A) defined in (7). For the proof of 
Theorem 1.5 we need first of all an increasing subadditive function F with 
F(0) = such that 

(29) D{F, A) > 1/2 

for every spherical triangle A of circumscribed radius less than bo . An analytic 
function F with these properties is Fqo := Vchd . That F^o indeed satisfies 
(29) is the core of our argument (Lemmas 3.1-3.4). We split F^q into the 
composition of chd and ^j^ and introduce the intermediate Euclidean triangle 
A' = chd A , which is obtained by replacing the sides of A by the corresponding 
chords. Then A := F^oA = y/~A' . Replacing the sides by their chords may 
decrease the angles by a factor of 1/3 , and taking square roots of the sides of 
a Euclidean triangle may decrease the angles by a factor of 1/2. Nevertheless, 
the two parts of our map somehow compensate each other, and we get (29) for 
F = F^. 

In fact the function F^o is not good enough for our purposes for two 
reasons. First, F'^{{)) = oo, so the map it induces cannot be bilipschitz. 
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Second, inequality (29) with F = F^o is best possible, while we need a lower 
estimate of the form 1/2 + 6. The distortion D{Fao,A) becomes close to 1/2 
in two situations. First, when A is close to the extremal equilateral triangle. 
This is avoided by our assumption that the circumscribed radius of a triangle 
is bounded away from Bq. Second, the distortion D{Foo,A) may tend to 1/2 
as A degenerates. 

A natural remedy for both drawbacks of F^^ is to introduce a 'cutoff,' that 
is, to use Fj^ = minj/cchd , ychd} with sufficiently large k. Unfortunately, for 
F = Fj. it is harder to prove (29) directly. 

We split all spherical triangles into several categories, according to the 
degree of their degeneracy. Triangles with only one small angle are dealt with 
in Section 4. This is a relatively simple case. The worst problems occur when 
a triangle has two small angles. But given that the circumscribed radius is 
bounded by 6o < ■?'"/2, such triangles have to be small (Lemma 3.5). So their 
distortion can be studied using Euclidean trigonometry. This we do in Section 
5. Finally, in Section 6 we derive Theorem 1.5 from all these special cases. 

The proof of Theorem 1.6 consists of similar steps, but each step is much 
easier. For instance, the counterparts of the Lemmas 3.2-3.4 and 5.3 are 
completely trivial. 

Now we proceed to the formal proofs. 

In the rest of this section we consider spherical triangles A C S with one 
marked vertex O . The sides of A are a, 6, c and the angles opposite to these 
sides are a, /3,7. We assume that the angle at O is 7. 

We first study the distortion of the angle 7 under the transformation 
A = FoqA, defined in the Introduction, where 



(30) Foo(t) = Vchdt. 

For this purpose we do the following construction. Let C C S be the circum- 
scribed circle of A and r its Euclidean radius. Let R < -k 12 be the spherical 
circumscribed radius of A , that is, the radius of the spherical disc in S that 
contains A and is bounded by C . Then 

(31) r = sini?. 

As in Lemma 2.4, P is the plane containing the vertices of A (and thus 
containing C), and 11 is the central projection of the circumscribed disc to 
P from the origin. Then A' = n(A) C P is a Euclidean triangle with sides 
chda, chd6, chdc, and A = F^oA = GqoA', where 

(32) Goo(x) = ^/^. 

We use the same letters to denote the corresponding sides and angles of the 
triangles A, A' and A with primes for A' and tildes for A. 
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Let 24) = 7', 4> £ (0, 7r/2) , and t G ((/>, vr — (/>) be the angle between the 
bisector of 7' and the circle C at the point O. Then the three parameters 
(-R, (j), t) describe all possible spherical triangles with a chosen vertex. See 
Figure 1 below. 

First we study the angle distortion by 11. 

Lemma 3.1. Among all spherical triangles A with fixed circumscribed 
radius R < tt/2 and fixed angle 7' = 2(p the largest angle 7 occurs when A is 
isosceles with two equal sides meeting at 7. 




Figure 1. Plane P 
Proof. From (20) and (21) we obtain 

(33) 7 = 7(t) = arccot(seci?cot(t + (/>))— arccot (sec i? cot (t — (j))) 

*+<^ cos RdT f^+'t' , , , 

— ^— 2 p ■ 2 =• / /i(r)dT. 

-0 cos^ T + cos^ /t sm r Jt-0 

Then ^ is increasing on [0, 7r/2] and satisfies /u(t) = /u(7r/2 — r) . So for fixed 
(j) the maximum of the integral occurs when t = 7r/2 , which proves the lemma. 

D 

Now we consider the distortion of the angle 7' of the Euclidean triangle 
A' = n(A) under the transformation A' h^ GqoA' = A with Goo as in (32). 

Lemma 3.2. Among all Euclidean triangles A' with fixed circumscribed 
radius r and fixed angle 7' = 2(p the smallest angle 7 in A = GooA' occurs 
when A' is isosceles with two equal sides meeting at 7'. 
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Proof. Since the triangles we consider are Euclidean and the distortion 
function Goo is homogeneous, we may assume without loss of generality that 
r = 1. Then the sides of A' are (see Figure 1) 

a =2sm{t -(/)), b' = 2 sm{t + (/)), c' = 2sin2(/>, 

and the sides of A are vo', Vo', yc'. By the Law of Cosines 

sin(t — (p) + sin(t + (p) — sin 2(j) 



cos7(t) 



2-\/sin(t — (j)) sin(t + 
2 sin t cos 6 — 2 sin 6 cos d 



2A/sin t — sin i 



COS <P\ / 1 



sin t + sin < 



The last expression has a maximum for (j) <t < 7r/2 at t = 7r/2. D 

As a corollary from Lemmas 3.1 and 3.2 we obtain the following. 

Lemma 3.3. Among all spherical triangles A with fixed circumscribed 
radius R < tt/2 and fixed angle 7' the ratio 7/7 is minimal for the isosceles 
triangle A with two equal sides meeting at 7. Here 7 is the angle of A = FooA, 
corresponding to 7. 

Proof. It is clear that A' = n(A) is isosceles with two equal sides meeting 
at 7' if and only if A is isosceles with two equal sides meeting at 7. Using 
Lemmas 3.1 and 3.2 and the notation introduced in their proofs, we have 
7'(t) = 20 = const for (j)<t< tt/2; thus 

7(t) ^ 7(7r/2) ^ 

7(t) -7(vr/2)' 

Now we state and prove the main result of this section. 

Lemma 3.4. // F^o is the function of (30), then the distortion satisfies 
D{Foo, A) > 1/2 for all spherical triangles A of circumscribed radius R < bo. 

Proof. In view of Lemma 3.3 it is enough to show that for every isosceles 
spherical triangle A of circumscribed radius R < bo which has two equal sides 
meeting at 7, we have 7 > 7/2. In other words, we fix i? < bo and t = 7r/2 
and study the ratio 7/7 as a function of (p. 

We have 

(34) chd a = chd b = r chd (vr — 2(p) = 2r cos (p 
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and chdc = rchd40 = 4rcos0sin0, where r is the same as in (31). Elimi- 
nating (j) from these relations and using (31) we obtain 



, , c a / sin^(a/2) 

(35) sin- = 2sin-Wl ^ ' ' 



2 2 V sin^ R 

Now the lengths of the sides of A are the square roots of the lengths of the 
sides chda,chda,chdc of A', so by the Law of Cosines and (35) 



,„„, , 2chda-chdc , sin(c/2) , l sin^(a/2) 

(36) cos 7 = = 1 / ,\ = 1 — \/ 1 „ 

^ ' 2chda 2sin(a/2) V sin^ i? 

For the angle 7 we use (33) to obtain 

7 = vr — 2 arctan [cos R tan(7r/2 — (/>)]=: vr — 2 arctan U. 
So, using (34) and (31) 

7 U 

(37) cos — = sin(arctan U) 



2 ' ' Vi+TP 

cos R cot 6 



v/rTcos2"Rcot^ 
cos R cos (f) 
sin (j) + cos^ R cos^ 1 
cot R chd a 



2-1/1 — sin^ Rcos"^ (j) 

cot i?sin(a/2) tan(a/2) 
cos(a/2) tani? 

Our goal is to prove that 7 > 7/2, which is equivalent to 
(38) cos7<cos(7/2). 

In view of (37) and (36) this is equivalent to 



/ sin2(a/2) tan(a/2) 



sin R tan R 

Introducing temporary notation T = tani? € (0, co) and t = tan(a/2) G (0,T] 
we rewrite the previous inequality as 



1_1 / 1 + T2 t2 _ VT^ - t^ 
or 



(T-t)(i + t2)< Vr + t, 



COVERING PROPERTIES OF MEROMORPHIC FUNCTIONS 575 



which after simphfication becomes 

t^ - Tt + 2 > 0. 

This holds for every t e (0,r] if T^ - 8 < 0, which is tani? < 2\/2, and this 
is the same as R < Bq. This proves (38) and Lemma 3.4. D 

This is the only place in our proof where the numerical value of bo is 
essential. 

The following lemma is used in our study of degenerating triangles, which 
will occupy the rest of the proof. 

Lemma 3.5. Let A be a spherical triangle of circumscribed radius R < 
7r/2, and spherical diameter d, let a < (3 < ^ be its angles, and a' < (3' < 7' 
be the corresponding angles of A' = n(A) . Then 

(39) (l/2)chddcoti?< a + /3 < 4chdd csc(2i?). 
Moreover, if chdd < 2^^/^ sin(i?/2), then 

(40) a<a and (3 < (3'. 



Notice that if R is bounded away from tt/2, then Lemma 3.5 implies 
a + /? X d/R. Furthermore, a < a' , f3 < (3' if d/R is small enough. 

Proof. The Law of Sines shows that if d' = chdd is the diameter of A' 
and r = sin R is its circumscribed radius, then 

sin(a' + /3') = d'/{2r). 

Since a' and f3' are the two smaller angles of A' , we have a' + f3' < 2tt/3 . 

Hence 

d' 



a + 13 > arcsm — , 
\2rJ 



with equality if d'/{2r) < sin(7r/3) = v3/2. Using x < arcsinx < -kx/2 for 
< X < 1 we obtain for d'/{2r) < ^/3/2 

(41) f<a' + (3'<^. 

2r r 

Here the left inequality is always true. But if d'/{2r) > \/3/2, then the 
right inequality also holds since a' + /3' < 27r/3. Lemma 2.4 gives a' /a G 
[cos i?, sec i?] and similar bounds for f3/f3. From this and (41) the inequality 
(39) follows. 

To prove (40) we recall the angle distortion function rj = arccot(sec R cot r) 
from (20), whose derivative, given by (21), is increasing on (0, tt/2) . The equa- 
tion drj/dr = 1 has a unique solution on [0, 7r/2] , namely 

To = arcsin(2~^/2sec(i?/2)) > 2"^/^ sec(i?/2). 
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This means that for every sector of opening r in the plane P both of whose 
sides are within an angle of tq from the tangent to the circumscribed circle, 
the spherical angle rj corresponding to r under the map 11 is smaller than r . 
Suppose the largest angle 7' in a Euclidean triangle is greater than tt/2. 
Consider a vertex O G C of a smaller angle. Then this smaller angle is 
contained in a sector with vertex O and opening tt — 7' , which is determined 
by the tangent to C at O and the largest side of the triangle. Using this we 
see that (40) is satisfied if vr - 7' = a' + /3' < tq < tt/2. By (41) this holds if 
chdd< 2-1/2 sin(i?/2). |--| 



4. The case of one small angle 

For a fixed circumscribed radius R < -k 12 there are two ways a triangle 
can become degenerate: it may have one small angle or two small angles. In 
this section we consider the first of these two cases. 

Lemma 4.1. Let (Hk) be a sequence of concave increasing functions on 
[0, vr) with the following properties: 

1. Hk{0) = and Hk{x) >0 for x>0, fe G N. 

2. Hk{x)/x < M{x) < 00 for X >0, k GN. 

3. // (xfc) is a sequence in (0, vr) with limx^ = 0, then Hk{xk)/xj. -^ co. 

We consider a sequence (A^) of spherical triangles with circumscribed radii 
bounded by R < 7r/2 . Let the angles of A^ be ctk ^ Pk ^ 7k, o-nd assume that 
"fc ^ 0, Pk^^Po G (0, vr) , 7fc ^ 70 G (0, vr) . 

If ctk ^ Pk ^ Ik ffl'^e the angles of the transformed triangle A^ = H^Ak , 
then: 

(i) lim at-Zat. > 1/2, and 
(ii) Ijmpk/Pk > 1/2. 

Proof. We will omit the subscript k in the proof, and tacitly assume that 
all limits are understood for k ^ 00. As usual we will denote the sides of the 
triangle A hy a < b < c, and the corresponding sides of the triangle A by 
a < b < c. 

By the Spherical Law of Sines [12, p. 150], we have 

sin a sin a 

^ ' ~ I ~ ~ 7a' 

sm sm p 
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Figure 2. Triangle A 

By our assumption on the circumscribed radius of the triangles, the lengths 
of all sides are bounded away from vr. Moreover, sin/3 -^ sin/3o / 0. Hence 
a ^ implies a — > . Note that by the same reasoning we get a/b -^ which 
will be needed in the proof of Lemma 4.3. 

Since A is contained in a sector of opening angle a ^ , we have 



(43) area A = a + /3 + 7 — tt^ 
Hence /3 + 7^7r = /3o + 70) which implies 

(44) /3o < vr/2. 
One of Napier's Analogies [12, p. 160] shows 

tan ((c - b)/2^ sin ((7 - /3)/2) 



0. 



(45) 



tan (a/2) sin ((7 + /3)/2) 



cos /?o • 



Since a ^ and all sides are bounded away from vr, this gives c — b^O. But 
then we conclude from (45) that 



(46) 

Concavity implies 

(47) 



COS) 



> 0. 



H{c)-H{b) ^H{b) ^H{a) 
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Using this, Mollweide'sH formula (which is the Euchdean hmit case of (45) 
[12, p. 61]), and (46) we get 



— sin ((7-/?)/2J j^c-b —H{c)-H(h) 

(48) hm 7 (- = hm = hm — , ^ 

sin ((7 + /3)/2) a H{a) 

< hm = cos /3o- 

a 

On the other hand, since a + /3 + 7 = vr and a < /3 we have 

sin ((7 - /3)/2) 

(49) ) f = cos /? - tan(a/2) sin /3 > 2 cos /3 - 1. 

sin((7 + /3)/2) 



Since /3o < vr/2 inequahties (48) and (49) imply 

Ih^ cos/3 < (1 + cos/?o)/2 = cos^(/3o/2) < cos(/3o/2). 

Here (and below in (50)) it is crucial that /3o > 0. We get lim/3 > /3o/2 which 
implies (ii). 

Since (3 is the second largest angle in the Euclidean triangle A, we have 
(3 < 7r/2. Therefore, from (44) and (ii) we get 

/ X , sin/? sin(/?n/2) , , , ,^ , s 

50 lim -^ > ■'^°; ' = 1/2 sec /3o/2 > 1/2. 

sm p sm po 

From the the Spherical and Euclidean Laws of Sines and the assumption 
that a — > we obtain 

,.^-, 1- ~ / T sina ,. asin6sin/3 

(51) hma/a > lim = lim 

sin Q 6 sin a sin P 

,. sin/3 a sin 6 

> lim • lini x . 

sm/3 6 sin a 

We consider 

, , , , a sin 6 H(a) b sin 6 

(52) /:=lim.= = hm T777T— ;— • 

6sina a H{b) b 

Given any subsequence of our triangles, one can select from it another subse- 
quence, such that either lim b > or limb = 0. In the first case, the estimate 
sin x/x X 1 for x > bounded away from vr , and properties 2 and 3 of the 
functions -ff^ imply that / = 00 in (52) for the selected subsubsequence. In the 
second case, when limb = 0, we see from (47) that Z > 1 in (52). This shows 
that for every subsequence / > 1. Now (i) follows from (51) and (50). D 

We need a similar lemma for Euclidean triangles. 



'^Actually first published by Newton [21]. 



COVERING PROPERTIES OF MEROMORPHIC FUNCTIONS 579 

Lemma 4.2. Let H be a concave increasing function on [0, cx)) with 
H{0) = and H{x) > for x > 0. We consider a sequence of Euclidean 
triangles (A^) with angles at < Pk ^ Ik o-nd assume that ak -^ 0, f3k ^ (3o € 
(0, vr) and 7a: j^ 7o G (0, vr) . 

If (^k < Pk ^ 7k o,i"c the angles of the transformed triangle Ak = HAk , 
then: 

(i) lim. dk/ak > 1/2, and 

(ii) lim4//3fc > 1/2. 



Proof. We follow the lines of the proof of Lemma 4.1 with the following 
modifications. We use the Euclidean Law of Sines instead of (42) to conclude 
that a/b -^ . Formula (43) is replaced by the identity a + /? + 7 = vr which 
implies /3 + 7 -^ vr. Again (44) follows. Instead of Napier's analogy we use 
Mollweide's formula to obtain (46). Again (47) is true. Formulas (48), (49), 
and the proof of (ii) are exactly the same. The inequality (i) follows by a 
similar (and easier) computation as in (51) using the Euclidean Law of Sines, 
(50), and (47), namely, 

Q sin a db sin f3 

lim — > lim = lim 

a sm a ba sin (3 

H{a) b sin/3 

> iim -— • hm 

- a H{b) sin/3 

D 



sin (3 1 
> lim > — 

- sin/3 2 



We define Gi{t) = min{t, \/t}, t > 0, and recall definition (8) of the 
functions Fi. . 

Lemma 4.3. Consider a sequence (Ak) of Euclidean triangles, or of 
spherical triangles with circumscribed radius uniformly bounded by R < tt/2. 
Let the angles of Ak be ak < (3k ^ Jk, o-nd assume that a^ ^ 0, /3fc ^ /3o G 
(0, vr) , 7fc ^ 70 G (0, vr) . 

Put Hk = Gi in the case of Euclidean triangles, and Hj. = F/. in the case 
of spherical triangles for A; G N . 

Then 

ljmD{Hk,Ak)>l/2. 
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Proof. We use the notation of Lemmas 4.1 and 4.2 and their proofs. Note 
that the functions H/., fc € N, satisfy the assumptions of Lemma 4.2 in the 
Euchdean case, and the requirements 1-3 of Lemma 4.1 in the spherical case. 
So it is enough to prove 

(53) ljm%/lk > 1/2. 

Our functions iif^ have the the following additional property 

(54) Hk{x)/Hk{y) < m.ax{Jx/y, Jchdx/chdy} for < x < y. 

Now we again drop the subscript k . 

From (54), the asymptotic relations a/b -^ obtained in the proofs of 
Lemmas 4.1 and 4.2, and chdx x x for x > bounded away from tt, we 
conclude d/b = H{a)/H{b) -^ both in the Euclidean and spherical case. 

Then sin a ^ by the Law of Sines. Since a is the smallest angle in A 
this implies q ^ . Hence /? + 7 ^ vr . Since 7 is the largest angle in A this 
shows lim7 > 7r/2. Thus 111117/7 — '^/(^To) which gives (53). D 



5. The case of two small angles. Euclidean triangles 

Now we have to investigate what happens when two angles become small. 
As we are dealing with a spherical triangle whose circumscribed radius is 
bounded away from tt/2, the presence of two small angles implies that the 
diameter of the triangle is small (see Lemma 3.5). So it is 'almost' Euclidean, 
which explains why we study Euclidean triangles here. The side distortion 
function is 

(55) Gk{t)=mm{kt,Vi}, t > 0, A; > 0. 

As the angles of Euclidean triangles are scaling invariant it is enough to con- 
sider the case when A; = 1 in (55). Notice the following three properties of 
G = Gi: 

(56) G{x + y)<G{x) + G{y), x,y>0. 
This holds because G is concave, increasing and G{0) = 0. 

(57) GHx + y)>GHx)+G\y), x,y>0. 

The function G^ is not convex, but nevertheless satisfies (57), which can be 
seen by consideration of four simple cases depending on the location of the 
three points x,y and x + y with respect to the point 1. 

(58) G{x^) = G'^{x), X > 0. 
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In this section we consider Euclidean triangles A with sides a, b, c and 
angles a, (3, 7 opposite to these sides. The transformed triangle A = GA has 
sides d,b,c and angles a,/?, 7 such that the sides or angles that correspond 
under the transformation are denoted by the same letter. 

Lemma 5.1. // G: [0,cx)) -^ [0,oo) is a concave increasing function sat- 
isfying (56), (57), (58) and G ^ 0, then D{G,A) > 1/2 for every Euclidean 
triangle A. 

Proof. It follows from concavity that G{t) > for t > 0. Then (57) 
implies that G is strictly increasing. 

We check the distortion of 7. By the Cosine of Half- Angles Formula [12, 
p. 60] 



(59) c=^(a + 6)2 -4a6cos2(7/2). 

We are going to prove the inequality 7 > 7/2, which is equivalent to cos 7 < 
cos(7/2) . By the Law of Cosines this is equivalent to 

...^ GHa) + G'{b)-G\c) 7 

^'°^ 2G{aJG(b) ^2- 

Introducing t = cos (7/2), < t < 1, we substitute (59) into (60) and use (58) 
to transform (60) to the following equivalent form 

(61) G^{a) + G\b) - 2G{a)G{b)t < G ((a + bf - Aabt'^^ 



For fixed a and b the right-hand side of (61) is strictly concave (concave and 
not linear) with respect to t as a composition of the strictly increasing concave 
function G and the strictly concave function t ^^ {a + 6)^ — Aabt"^ . The left- 
hand side of (61) is linear in t. So by the Maximum Principle it is enough 
to verify the inequality on the boundary of the segment [0, 1] . Moreover, it is 
enough to verify nonstrict inequality on the boundary, to conclude that (61) 
is a strict inequality. 

For t = we use (58) again and obtain G'^{a) + G'^{b) < G'^{a + b), which 
is the same as (57). 

For t = 1 we also use (58) and obtain (G(a) - G{b)f < G'^{\a-b\) which 
is equivalent to (56). D 

Again as in Section 3 the bound 1/2 for the distortion in Lemma 4.1 is 
the best possible. The next lemma singles out the case when the distortion 
can be close to 1/2. 

Lemma 5.2. There exists an increasing function g: (0, 2tt/3] -^ (0, 00) , 
< g{t) < t, t £ (0,27r/3], with the following property. For every Eu- 
clidean triangle A whose smaller angles are a and P we have for every k > 
D{Gk, A) > 1/2 -|- g(a + /3), where G^ is defined in (55). 
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Proof. For every s > and every triangle A we denote by sA the triangle 
similar to A obtained by multiplying all sides of A by s. 

As GfcA is similar to Gik'^A we can assume without loss of generality 
that k = I. 

It is enough to show that if the sum of the two smaller angles of a triangle 
A is bounded below by a constant /x G (0, 27r/3] , then the distortion D(Gi,A) 
is bounded away from 1/2. 

Assuming this not the case, we find a sequence (A^) of triangles with the 
sum of the two smaller angles 

(62) ak + Pk>f^>0, 
and 

(63) limZ)(Gi,Afc) < 1/2. 

Without loss of generality we have at < (3k- Moreover, by selecting a sub- 
sequence we may assume that all three angles of A^ have limits as k ^ oo. 
Now we consider two cases. 

Case 1. limafc > 0. Then lim/3fc > 0. We put Sj. := (diamA^.)"^. 
By selecting a subsequence we may assume that Sk tends to a limit, possibly 
infinite. 

If lims^. G (0, oo), then A^. -^ A for some (nondegenerate!) triangle A, 
and from (63) we obtain D{Gi,A) < 1/2, which contradicts Lemma 5.1. 

If limsfc = cx), then s^A^ -^ A for some triangle A. The triangles GiA^ 
are similar to s^GiA^, so by (63) 

(64) D(G°,A)<l/2, 

where G^{t) := lim^^oo ■5a;G'i(s^ t) = t. So G^ is a linear function, and it does 
not distort angles at all, which contradicts (64). 

If limsfc = 0, then again s^A^ -^ A for some triangle A. The triangles 
GiAfc are similar to SjJ GiA^, so by (63) 

(65) D(G°°,A) < 1/2, 

where G°°(t) := liuik^ooSfJ Gi{s^ t) = \Jt. Obviously, G°° is a monotone 
function which satisfies (56), (57) and (58). Then (65) contradicts Lemma 5.1. 
This completes Case 1. 

Case 2. lima^ = 0. Then our assumption (62) implies that /3fc has a 
positive limit, which is strictly less than vr, because /?fc is the second largest 
angle in A^ . Moreover, it is clear that the limit of the largest angles 7/fc in A^ 
also belongs to (0, vr) . 

So we are in the situation of the Euclidean case of Lemma 4.3. Thus we 
obtain a contradiction to (63). D 
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Now we need a better estimate for the distortion of the largest angle in a 
triangle with two small angles. 

Lemma 5.3. Let A be a Euclidean triangle with angles a < /? < 7. Let 
7 be the angle in A = G^A, k > 0, corresponding to the angle 7 in A, where 
Gk is defined in (55). Then 

7 > 7r/2 + 0(q + /3)^ a + ^^0, 

uniformly with respect to A and k. 

Proof. As in Lemma 5.2 it is enough to consider the case k = 1. We have 
a<b<c. Put 

(j) := 7r/2 — 7. 

We want to estimate (p from above. From the Law of Sines 

csina csin/3 

(do) a = -T— and 



sin(Q + /3) sin(a + j3) 

Case 1. a < b < c < 1. Since in this case A = A and 7 = 7 — > vr as 
a + /? ^ 0, the statement is obvious in this case. 

Case 2. a < b < 1 < c. From the Law of Cosines and (66) we now 
obtain 

, „, , c(sin^a + sin^/3) - sin^(a + /3) 

(67) sm0 = cos 7 = . 

2c sm a sm p 

The right-hand side of (67) is an increasing function of c for fixed a and /3, 
so we can use the estimate 

sin(a + /3) 
~ sin (3 

which follows from (66) and our assumption that 6 < 1 . By substituting this 
estimate to (67) we obtain using a < (3 

sin^ a + sin^ (3 — sin(a + (3) sin (3 



sinffi) < 



2 sin a sin /3 
sin^ a + sin^ /? — (sin a cos /? + cos a sin (3) sin /? 

2 sin a sin /? 
sin a — sin a sin /3 cos /3 + 0(a^ sin (3) 

2 sin a sin /3 
sin a cos /3 



2sin/3 
< 0(/3')- 
This completes Case 2. 



+ 0(asin/3) 
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Case 3. a < 1 < b < c. From the Law of Cosines and (66) we now 
obtain 

, , , csin^ Q + sin/3sin(a + /3) — sin^(a + /?) 

(68) sin(p = cos7= . 

2 sin a^yc sin /3 sin(Q + /3) 

The right-hand side of (68) is an increasing function of c for fixed a and /3, 

so we can use the estimate 

sin(Q + (3) 



c< 



sma 



which fohows from (66) and our assumption a < 1. By substituting this in 
the right-hand side of (68) we obtain, 



sinc^ < 



sin a + sin (3 — sin(a + (3) 

2-v/sinasin/3 
sin a + sin /3 — sin a cos /3 — sin /3 cos a 
2-^sinasin/3 

sinQsin^(/3/2) -|- sin/3sin^(a/2) 
~ 2^sin(a/2) sin(/3/2) cos(a/2) cos(/3/2) 

sin(a/2) cos(a/2) sin^(/3/2) + sin(/3/2) cos(/3/2) sin^(a/2) 
^sin(a/2) sin(/3/2) cos(a/2) cos(/3/2) 

cos(a/2) sin3/2(/3/2) sm^/^{a/2) + cos(/3/2) sin3/2(a/2) sini/2(/3/2) 

Vcos(q/2)cos(/3/2) 

= 0(a + /3)2. 
This completes Case 3. 

Case 4. 1 < a < 6 < c. In this case GiA = Goo A, where Goo was 
defined in (32). So we can use Lemma 3.2 which says that the smallest ratio 
7/7 will occur for the isosceles triangle of the same circumscribed radius as 
A , and equal sides meeting at 7 . This isosceles triangle has the same angle 7 
and thus the same sum a + (3 as our triangle A . So in this case we can assume 
without loss of generality that a = f3. 

From the Law of Cosines and (66) we obtain 



sin( 



sin a + sin (3 — sin(a + /3) 

2^sin a sin /3 
2sin/3-sin(2/3) 
2sin/3 

0(/3'). 



2sin2(/3/2) 



This completes Case 4 and the proof of Lemma 5.3. D 
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6. Conclusion of the proof of Theorem 1.5 

Proof of Theorem 1.5. The proof is by contradiction. We assume that 
there exists e > such that for every k > 1 and for every 6 > there exists 
a spherical triangle A with circumscribed radius 

(69) R{A) <bo-e 

and 

DiFk, A) < 1/2 + 5. 

In particular, putting 5 = 5k = g^{k~'^) for /c G N, where g is the function 
from Lemma 5.2, there will be a triangle A = A^ with the properties (69) and 

(70) D{FkAk)<l/2 + g\k-^). 

We denote the sides of A^ by ak < bk < Ck, the angles of A^ by ak 1^ Pk 1^ Ik, 
the corresponding angles of the transformed triangle A^, := chd A^ by q^ < 
/3fc < 7fc5 and the angles of A^ = F^A^ = G^A'^, by afe < /3fc < 7fc. Moreover, 
we denote the spherical circumscribed radius of A^ by Rk = -R(Afc) , and its 
spherical diameter by d^ ■ By Lemma 3.5 these quantities satisfy the following 
asymptotic relation 

(71) ak + Pk^ dk/Rk, k ^ oo. 
It is also clear that 

(72) dk < 2Rk. 

By selecting a subsequence of (A^) , we may assume that all angles involved, 
as well as (dk), (Rk) and (dk/Rk) have limits in [0,oo) for k ^ oo. 

Now we consider the following cases 1-4. In all cases, except the very last 
one, we will show that 

(73) limZ)(Ffe,Afc)>l/2, 

which will contradict (70) because g{t) -^ as t ^ 0. Only in Case 4 do we 
use the full strength of (70) to obtain a contradiction. 

Case 1. limdfc > 0. 

Then limi?^ > by (72), and thus by (71) 

(74) limafe + lim/3fc =: m > 0. 

If limafc > 0, the sequence (A^) tends to a nondegenerate spherical 
triangle A, and FkAk = F^oAk for k large enough. So by Lemma 3.4 we have 
lim D{Fk,Ak) = D{Foo,A) > 1/2 which gives (73). 
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If limafc = 0, then (3o := lim/3fc > 0. Moreover, we claim that 
7o := hm7,fc < vr. To prove the claim, we assume the contrary, that is, 7^ ^ vr. 
Then from Delambre's formula (sometimes credited to Gauss, [12, p. 162]) 

cos(7fc/2) cos (^(afc - bk)/2j = cos(cfc/2) sin (^(a^ + /3fc)/2 

and the condition that the lengths of the sides of our triangles are 
bounded away from vr we obtain sin ( (q^ + /?fc)/2j -^ 0. By (74) this implies 
c^k ~^ Pk ^ 27r . Then area(Afc) = ct^ + /3fc + 7^ — tt ^ 27r . This is impossible, 
since the circumscribed radius R^ of A^. is bounded away from tt/2 , the radius 
of a hemisphere. 

So < [Sq < jq < TT , and (73) holds by the spherical case of Lemma 4.3. 

Case 2. limd^ = but lim dk/Rj^ > 0. 
Then by (71) we again have (74). In addition limi?^ = 0, so by Lemma 2.4 
the distortion of angles coming from the projection 11 is negligible; that is, 
-D(chd , Afc) -^ 1 . Now we apply Lemma 5.2, and (74) to conclude that 

\jmD{Fk, Afc) > limL>(Gfc, A'^) > 1/2 + g{m/2). 

This proves (73). 

Case 3. limfi^ = 0, lim d^/Rk = 0, and dj./R^^ = o{k~'^) as k ^ 00. 
In this case, we have -F^^fc = A;(chd A^) for large k. Moreover, a^ + /3fc ^ 
by (71). We claim that 

(75) ]mD{Fk,Ak)>l. 

Indeed, from Lemma 3.5 follows that ct/^ < a'/^ = d^ and Pk ^ P'k ~ A 
for large k. Moreover, since the circumscribed radii of the triangles A^ 
are bounded away from 7r/2 we have au + I3k ^ a'l^ + (3^ by Lemma 2.4. 
Thus, lim(dfc + (3k) = lim(a'^ + /3^) = lim(afc + (3k) = which implies that 
7fc = vr — cifc — /3fc ^ 71" • This proves (75), which is stronger than (73). 

It remains to consider 

Case 4. liuidk = 0, lim.dk/Rk = 0, and lim k'^dh/Rh > 0. 
In this case, by (71) we have that for some m > 

(76) ]im k^{ak + Pk) =■ 7m > 0, 

and ak + Pk -^ 0. First we consider the distortion of the smaller angles ak 
and Pk- By Lemma 3.5 we have ak < cx'k and Pk ^ P'k for large k. Now we 
apply Lemma 5.2 to A^ and obtain for large k 

(77) ak/uk > ak/a'k > 1/2 + g{a'k + P'k) > 1/2 + g{ak + Pk) 

> 1/2 + g{6mk-'^) > 1/2 + g{k~^), 
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and similarly 

(78) /3fc//3fc>l/2 + 5(fe-'). 

Now we estimate the distortion of the largest angle 7^ . By the Spherical Law 
of Cosines for Angles [12, p. 153], we have 

cos 7A; = — cos Ofc cos /3fc + sin a^ sin (3^ cos d^ ■ 

Together with the estimate d^ = 0{ak + (3k) ■, which follows from (71) this gives 

2sin2 (^^^) = 2cos2(7;^/2) = 1 + cos7fc 

= 1 — cos Qfc COS (3k + sin a^ sin (5^ cos d^ 
= {ak + l3kf/2 + 0{ak + l3k)\ 
which implies 

(79) Ik = T^ - {c^k + (ik) + 0{ak + (3k? . 

On the other hand, using Lemma 5.3 and ak ^ a^,, (3k ^ P'k we obtain 
7fc > ^/2 + Oia'k + P'kf = vr/2 + Oiak + Pkf . 

Comparing this with (79), and taking into account our assumption (76) we get 
for large k 

Ikhk > 1/2 + (ak + (3k)/{2Ti) + 0{ak + (3k? > 1/2 + mk'^ > 1/2 + k-\ 

Together with (77), (78) and g{t) < t, this implies D{Fk,Ak) > 1/2 + g{k-^) 
for large k which contradicts (70) because g{x) ^ as x ^ 0. D 

7. Proof of Theorem 1.6 

We will be using Lemmas 2.4, 3.5, 4.1 and 4.2. In addition we need the 
following modifications of Lemmas 4.3, 5.1, 5.2 and 5.3. 

We recall that our side distortion function in Theorem 1.6 is 

F^{t) =min{fcchdt, 1}. 

If for A; > we define 

Gl{t) = mm{kt,l}, t > 0, 

then we have F^ = G^. o chd . 

First we prove an analog of Lemma 4.3. 

Lemma 7.1. Consider a sequence (A^) of Euclidean triangles, or of 
spherical triangles with circumscribed radius uniformly bounded by R < tt/2. 
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Let the angles of A^ be au < h < Ik-, o-nd assume that a^ ^ , (3^ ^ Po & 
(0, vr) , 7fe ^ 70 G (0, vr) . 

Put Hk = Gi in the case of Euclidean triangles, and Hk = F^ in the case 
of spherical triangles for fc G N . 

Then 

limD(i7fc,Afc)>l/3. 

Proof. We use the notation of Lemmas 4.1 and 4.2 and their proofs. Note 
that the functions Hj., A; G N, satisfy the assumptions of Lemma 4.2 in the 
Euchdean case, and the requirements 1-3 of Lemma 4.1 in the spherical case. 
So the lower limits of the ratios afc/ofe and f3k/Pk are at least 1/2. Since 7^ is 
the largest angle in the Euclidean triangle A^ we must have 7^ > 7r/3 . Hence 
lim7fc/7fe > 7r/(37o) > 1/3. D 

Now we have to prove the results, similar to those of Section 5, for the 
function GJ . 

Lemma 7.2. D{Gl,A) > 1/3 for every Euclidean triangle A. 

Proof. Denote the sides of A by a < b < c. Then the the largest side of 
A = G|A is Gl{c) and the largest angle of A is 7. So 7 > 7r/3 > 7/3. It 
remains to check the distortion of the smaller angles a and /?. We consider 
the following four cases. 

Case 1. a <b < c < 1. This case is trivial because G^A is similar to A. 

Case 2. a,b < 1 < c. We don't use the convention a < 6 in this case. 
We claim that a > a and fi > fi . By symmetry it is enough to check this for 
a , and show that d > q , which is equivalent to cos a < cos a . By the Law of 
Cosines this is equivalent to 

G|(c)2 + G|(6)2-G|(a)2 c^ + b'^-a^ 



< 



which is the same as 



2G|(c)G|(6) - 2bc 



1 + b^-a^ ^ c^ + b^- a^ 
26 - 26c 



or 

c + cb'^ -ca^ <c^ + b^ -a^, or (c - 1)6^ < (c - l)c + (c - l)a^ 

or 

6^ <c + a'^. 

This is true since 6^ < 1 < c in this case. 
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Case 3. a<l<6<c. In this case A is isosceles with two sides equal 
to 1, and /3 = 7. Thus (3 > vr/S > (3/3. It remains to check the distortion of 
a . We verify that a > a, which is equivalent to cos a < cos a , or 

1 + 1-a'' ^ b^ + c^-a^ 
2 - 2bc ' 

The last inequality simplifies to 26c + a^ < 6^ + c^ + bca^ which is true since 
26c < 6^ + c^ and 6c > 1 . 

Case 4. l<a<6<c. This case is trivial because A is equilateral. D 

The following is a counterpart of Lemma 5.2. 

Lemma 7.3. There exists an increasing function g*: {0,2tt/3] -^ (0,oo), 
< g*it) < t, t G (0, 27r/3] , with the following property. For every Euclidean 
triangle A whose smaller angles are a and (3 we have L'(G^,A) > (1/3) + 
g*{a + (3) for every k > 0. 

Proof. This is derived from Lemmas 7.2 and 7.1, Euclidean case, in the 
same way as Lemma 5.2 is derived from Lemmas 5.1 and 4.3, Euclidean case. 
Only minor modifications are necessary. Namely, Gi should be replaced by 
Gl and the constant 1/2 by 1/3 throughout the proof. In the last paragraph 
of Case 1 the function G°° is defined by G°°(t) = limGt(s^4) = 1; so G°°A 
is equilateral and we get a contradiction to the modified version of (65). 

To deal with Case 2 we use the Euclidean case of Lemma 7.1 to obtain a 
contradiction. D 

Now we need the following trivial counterpart of Lemma 5.3. 

Lemma 7.4. // 7 is the largest angle in a Euclidean triangle A , then for 
the corresponding angle 7 in A := G^A we have 7 > 7r/3. 

Proof. This is clear since 7 is the largest angle in A. D 

Proof of Theorem 1.6. The proof is by contradiction. We assume that 
there exists e > such that for every A; > 1 and for every 6 > there exists 
a spherical triangle A with circumscribed radius 

(80) R{A) <TT/2-e 

and 

D{F^,A) < 1/3 + S. 

In particular, putting 5 = 6k = {g*{k^'^))'^ for /c G N, where g* is the function 
from Lemma 7.3, there will be a triangle A = A^ with the properties (80) and 

(81) D{Fl,Ak)<l/3 + ig*{k~^f^ 
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We denote the angles of A/, by a/. < Pi^ < j^, the corresponding angles of the 
transformed triangle A'^ := chdA^ by a'^ 1^ P'k — Tfc; ^^"^ ^^ ^k = ^k^k = 
G^A'f^ by Ofc < /3fc < 7fe . Moreover, we denote the spherical circumscribed 
radius of A^ by Rk = R{Ak) , and its spherical diameter by dk ■ By Lemma 3.5 
we have 

(82) ak + Pk^ dk/Rk, k ^ oo, 
and the following holds 

(83) dk < 2Rk. 

By selecting a subsequence of (A^), we may assume that all angles involved, 
as well as (dk), {Rk) and (dk/Rk) have limits in [0,oo) for k ^ oo. 

Now we consider the following cases 1-4. In all cases, except the very last 
one we will show that 

(84) limD(Ffc*,Afc)>l/3, 

which will contradict (81) because g*{t) ^ as t ^ 0. Only in Case 4 do we 
use the full strength of (81) to obtain a contradiction. 

Case 1. Iim4 > 0. Then limi?^ > by (83), and thus by (82) 

(85) lim afc + lim /3fc =: tti > 0. 

If limctfc > 0, the sequence (A^) tends to a nondegenerate spherical 
triangle A, and F^ = 1 on the sides of A^ for k large enough. This means 
that the triangles A^ are equilateral, and all their angles are equal to tt/S. 
Thus (84) follows. 

If lim Ofc = , then Pq := lim /J^ > . As in Case 1 of the proof of Theorem 
1.5 we see that 70 := lim7fc < n . Hence < /3o < 70 < tt. So (84) holds by 
Lemma 7.1, spherical case. 

Case 2. lim dk = but lim dk/Rk > 0. 
Then by (82) we again have (85). In addition limi?^ = 0, so by Lemma 2.4 
the distortion from the projection 11 is negligible; that is, D(chd,Afc) -^ 1. 
Now we apply Lemma 7.3 and (85) to conclude that 

ljmD{F^,Ak)>ljmD{Gl,Ai) > l/3 + g*{m/2). 

This proves (84). 

Case 3. limd^ = 0, lim dk/Rk = 0, and dk/Rk = o{k^'^) as k ^ 00. 
In this case we have 

\jmD{Fi:,Ak)>l, 

which is proved in the same way as in Case 3 of the proof of Theorem 1.5. 
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It remains to consider 

Case 4. limtifc = 0, lim dk/Rk = 0, and Yun k'^dkl Rk > 0. 
In this case, by (82) we have that for some positive m > 

(86) limfc2(afc + /3fc) =: 10m>0. 

First we consider the distortion of the smaller angles Uk and (3k ■ By Lemma 3.5 
we have Ok < a'^ and Pk < /3^ for large k. Now we apply Lemma 7.3 to A^ 
and obtain for large k 

(87) ak/ak > ak/a'k > 1/3 + g*{a'k + P'k) > 1/3 + g*{ak + (3k) 

> 1/3 + g*{9mk-^) > 1/3 + g*{k~^), 
and similarly 

(88) Pk/(3k>l/3 + g*{k-''). 

Now we estimate the distortion of the largest angle 7^ . Again we have 
(79) from Section 6: 

(89) 7k = TT-{ak + Pk)+0{ak + Pkf- 
On the other hand, Lemma 7.4 gives 

7A; > 7r/3. 

Comparing this with (89) , and taking into account our assumption (86) we get 
for large k 

Ik/lk > 1/3 + {ttk + /3fc)/(37r) + 0{ak + Pkf > 1/3 + mk~^ > 1/3 + A;-^'. 

Together with (87), (88) and g*{t) < t this implies D{F;^,Ak) > l/3 + g*{k-^) 
which contradicts (81). D 



Technische Universitat Braunschweig, Germany 
E-mail address: m.bonk@tu-bs.de 

Purdue University, West Lafayette, IN 
E-mail address: crcmcnko@math.purduc.cdu 

References 

[1] L. Ahlfors, Sur les fonctions inverses des fonctions meromorphes, C. R. Acad. Sci. Paris 
194 (1932), 1145-1147. 

[2] , An extension of Schwarz's lemma. Trans. Amer. Math. Soc. 43 (1938), 359-364. 

[3] , Zur Theorie der Uberlagerungsflachen, Acta Math. 65 (1935), 157-194. 

[4] , Lectures on Quasiconformal Mappings, Van Nostrand, New York, 1966. 

[5] , Conformal Invariants, McGraw-Hill, New York, 1973. 

[6] L. Ahlfors and H. Grunsky, Uber die Blochsche Konstante, Math. Z. 42 (1937), 671-673. 



592 M. BONK AND A. EREMENKO 

[7] A. Baernstein II and J. P. Vinson, Local minimality results related to the Bloch and 

Landau constants, in Quasiconformal Mappings and Analysis (Ann Arbor, MI, 1995), 

55-89, Springer- Verlag, New York, 1998. 
[8] W. Bergweiler, a new proof of the Ahlfors Five Islands Theorem, J. Anal. Math. 76 

(1998), 337-347. 
[9] A. Block, Les theoremes de M. Valiron sur les fonctions entieres et la theorie de I'uniformi- 

sation, Ann. Fac. Set. Umv. Toulouse 17 (1926), 1-22. 
[10] M. Bonk and A. Eremenko, Schlicht regions for entire and meromorphic functions, J. 

Anal. Math. 77 (1999), 69-104. 
[11] , Surfaces singulieres de fonctions mcromorphes, C. R. Acad. Sci. Paris 11 (1999), 

953-955. 
[12] W. Chauvenet, a Treatise on Plane and Spherical Trigonometry , J. B. Lippincott Co., 

Philadelphia, 1850. 
[13] H. Chen and P. M. Gauthier, On Bloch's constant, J. Anal. Math. 69 (1996), 275-291. 
[14] J. DuFRESNOY, Sur les domains couvertes par les valeurs d'une fonction meromorphe ou 

algebroide, Ann. Sci. Ecole Norm. Sup. 58 (1941), 170-259. 
[15] L. Ford, Automorphic Functions, McGraw-Hill, New York, 1929. 
[16] R. Greene and H. Wu, Bloch's theorem for meromorphic functions. Math. Z. 116 (1970), 

247-257. 
[17] M. Gromov, Hyperbolic groups, in Essays in Group Theory (S. M. Gersten, ed.), MSRI 

Publ. 8, 75-263, Springer- Verlag, New York, 1987. 
[18] W. K. Hayman, Meromorphic Functions, Clarendon Press, Oxford, 1964. 
[19] D. MiNDA, Euclidean, hyperbolic and spherical Bloch constants, Bull. Amer. Math. Soc. 

6 (1982), 441-444. 

[20] , Bloch constants for meromorphic functions. Math. Z . 181 (1982), 83-92. 

[21] J. Naas and H. L. Schmid, Mathematisches Wbrterbuch, Teubner, Berlin, 1961. 

[22] E. Peschl, Uber unverzweigte konforme Abbildungen, in Osterreich Akad. Wiss. Math.- 

Naturwiss. Kl. SB II 185(1976), 55-78. 
[23] Ch. Pommerenke, Estimates for normal meromorphic functions, Ann. Acad. Sci. Fenn. 

Ser. AI 476 (1970). 
[24] Y. G. Reshetnyak, Two-dimensional manifolds of bounded curvature, in Geometry IV, 

Encycl. of Math. Set. 70, 1-163 (Yu. G. Reshetnyak, ed.), Springer- Verlag, New York, 

1993. 
[25] M. Tsu,7i, On an extension of Bloch's theorem, Proc. Imp. Acad. .Japan 18 (1942), 170- 

171. 
[26] G. Valiron, Lectures on the General Theory of Integral Functions, Toulouse, 1923; reprinted 

by Chelsea, New York, 1949. 
[27] B. L. Van der Waerden, Science Awakening, Noordhoff, Groningen, 1954. 
[28] L. Zalcman, Normal families: new perspectives. Bull. Amer. Math. Soc. 35 (1988), 215- 

230. 

(Received April 26, 1999) 



